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WE HAVE previously outlined a theory [l] which describes the relationship between Thorn’s 
catastrophes and the singularities of solutions of partial differential equations. Our analysis 
of generic singularities of solutions of first order partial differential equations was based on 
the concept of a lagrangian manifold. This concept allows one to focus on the local nature 
of the results. Thorn’s book [3] indicates another viewpoint from which one can study the 
singularities of solutions of a first-order partial differential equation based upon the concept 
of an initial value problem. This note extends our previous theory to include the viewpoint 
of Thorn. 
In solving the initial value problem for a hamiltonian H, we find that the construction 
of solutions requires that H satisfy a non-degeneracy condition. One of the questions we 
raised in [l] was the characterization of hamiltonians H for which the local geometric 
structure of the caustic sets of generic solutions of H = 0 is given by the local geometric 
structure of the caustic sets of generic lagrangian manifolds in a cotangent bundle. The non- 
degeneracy condition we impose upon H to solve the initial value problem also suffices to 
prove that H has the property described in the last sentence. The non-degeneracy condition 
itself is related to the condition encountered in classical mechanics when one passes from 
a hamiltonian to a lagrangian point of view. The eiconal equation of geometric optics on a 
Riemannian manifold globally satisfies the non-degeneracy condition. Thus, it follows as a 
corollary of our theorem that the local geometric structure of light caustics is described by 
Thorn’s elementary catastrophes. 
Related results have been obtained by Duistermaat [6]. 
Let us recall the framework and terminology we introduced previously [l]. M denotes 
an n-dimensional C” manifold; TM G M denotes its tangent bundle; T*M z M denotes 
its cotangent bundle; and T(T*M)?+ T*M is the tangent bundle of T*M. The action form 
o on T*M is defined as follows: if XE T(T*M), then II(X) is an element of T*M and 
drr*(X) is in TM. o is the one form such that o(X) = II(X) (drr*(X)). The canonical two 
form R on T*M is dw. 51 is closed and of maximal rank (this means that R” = ah . . . ACI 
is a volume form for T*M). Hence !2 defines a symplectic structure on T*M. In cotangent 
coordinates (defined below); R is given by the expression C dxi A dri. 
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A submanifold i: N + T*M is isotropic if i * R = 0. An isotropic submanifold of T*M 
of maximal dimension n is a lagrangian manifold of T*M. In T*M the graphs of closed one 
forms on M are lagrangian manifolds. The set of proper C” lagrangian immersions of an 
n-dimensional manifold N in T*M can be given the structure of an infinite dimensional 
Frechet manifold L(N, T*M). If I is a lagrangian manifold of T*M, then I is locally of the 
form graph w for some closed form o except at those points z E 1 for which rc* II is singular. 
The singular set of rc* II is denoted Z(L) and is called the singular set of 1. n*@(A)) is called 
the caustic set of il and is denoted c(2). 
A hamiltonian is a C” function H: T*M -+ R. A solution of the first-order partial 
differential equations H = 0 is a function U: M -+ R such that H(x, &A/&X dx) = 0. Geo- 
metrically, H vanishes on the graph of du. A generalized or lagrangian solution of H = 0 is 
a lagrangian manifold lying in the hypersurface of zeros of H. We assume throughout this 
paper that 0 is not a critical value of H, so that the hypersurface of zeros of H is a smooth 
submanifold of T*M of codimension one. Furthermore, we assume that the hypersurface 
H = 0 is transverse to thefibers of T*M. The subset of L(N, T*M) of lagrangian solutions 
of H = 0 forms a submanifold of L(N, T*M). 
We want to study the caustic sets of lagrangian solutions of H = 0. In particular, we are 
interested in describing the geometric structure (as stratified sets) of the caustic sets of 
“almost all” solutions of H = 0. Here “almost all ” refers to an open and dense set in the 
space of solutions. This is the question which was dealt with in our earlier paper [l]. A 
corollary of one of the results we obtained there is the following: 
THEOREM. There is an open and dense set of hamiltonians H E C” (T*M) such that an 
open and dense set of lagrangian solutions L of H = 0 have the following property: If I’ is a 
lagrangian manifold near A in the space of lagrangian manifolds of T*M and x E M is a point 
on the caustic set of A, then there is a neighborhood U of x E M and an open set U’ such that 
c(A) n U is isomorphic to c(A’) n U’ as a stratified set. 
This theorem is proved from the results of [l] by applying Mather’s theory of topo- 
logical stability [5]. 
We paraphrase this property by saying that the local geometric structure of the caustics 
is stable. It follows from the Thorn-Mather theory of topologically stable mappings that 
there are only a finite number of germs of stratified sets which occur as germs of caustic sets 
of lagrangian manifolds in T*M having stable local geometric structure. We referred in [l] 
to this concept of stability as I-stability. 
One of the questions we posed earlier in $4 of [l] was the determination of conditions 
on a hamiltonian H which imply that it satisfies the above theorem. Here we give a partial 
answer to this question by examining a strong non-degeneracy condition on H and proving 
that if H satisfies this condition then the caustic sets of its solutions do have stable local 
geometric structure. We prove these results by following Thorn’s approach to the study of 
caustics. As far as I know, his techniques do require the non-degeneracy assumptions which 
we make here. 
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In order to state our non-degeneracy condition, we need to introduce a bit more sym- 
plectic geometry. If x = (x,, . . . , x,) is a system of local coordinates defined on U c M, 
then (n*)-‘(U) has a system of local coordinates (x, 5) = (x,, . . . , x,, tl, . . . , 5,) where 
(51, . . .1 5,) are the linear coordinates in the vector space (rc*)-l(x) with respect to the basis 
(dx,(x), . . . , dx,(x)). We call such a system of coordinates in T*M a system of cotangent 
coordinates. With respect to a system of cotangent coordinates, we can state our non- 
degeneracy condition: H: T*M + R satisfies condition N at (x, 5) if 
(0) 0 is not a critical point of H and {H = 0) is transverse to the fibers of T*M; 
(9 det T$!$ b, 8) z 0; 
1 J 
(ii) CA..% aH - # 0 where (AJ’ = 
i,j [’ ati acj 
Condition N is independent of the system of cotangent coordinates used in its definition 
since the fibers of T*M have a natural linear structure. 
Condition N is independent of the choice of coordinates and can be expressed invariantly. 
Part (i) of condition N is the hypothesis which allows one to pass back and forth between 
Hamiltonian and Lagrangian points of view in classical mechanics. Part (ii) of condition N 
is inserted to make the proofs work. In classical calculus of variation problems, d2H rep- 
resents a positive definite bilinear form. Part (ii) of condition N is then satisfied. 
MAIN THEOREM. If H: T*M + lR satisfies condition N at p E T*M, then there is a neigh- 
borhood U of p in T*M such that H 1” is a hamiltonian for which the generic solutions of 
H = 0 have stable local geometric structure. 
The remainder of the paper is concerned with the proof of this theorem. In classical 
terms, the proof is based upon the construction of a total solution of H = 0 (this is an n- 
parameter family of solutions) in which the parameters of the total solution are points of 
M. This procedure involves solving a canonical boundary value problem in the sense of 
Weinstein [4]. 
We proceed with the construction of a total solution of H = 0. 
The hamiltonianjlow of H is a map @: T*M x iR --, M. 
LEMMA 1. Let x E M. There is an E > 0 such that @(T,*M x (-E, E)) n {H = O> is a 
lagrangian manifold. 
Proof: Since {H = 0} is transverse to T,*M, T,*M n {H = 0} is an n - 1 dimensional 
isotropic manifold N. We assert that the hamiltonian vector field X, of H is never tangent 
to N and that X, is orthogonal to N with respect to the symplectic structure. The first of the 
assertions follows from the fact that 
x,= i eHa_aHa 
i= 1 ariaxi axj iYtj 
in cotangent coordinates and E # 0 for some i. We prove the second assertion. If Y 
Xi 
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a 
is tangent to P, then Y = c bi - in cotangent coordinates since N c T,*M. Then 
Xi 
sZ(X, , Y) = dH( Y) = 0 since Y is tangent to (H = O}. This proves the lemma. 
LEMMA 2. Let lj E T,*M be such that H(5) = 0 and let Iz be the lagrangian manifold con- 
structed in Lemma 1. If H satisfies condition N at 5, then there is a neighborhood V of 5 in ;1 
such that c(V) = (x}. 
Proof. Again denote by P the submanifold T,*M n {H = O}. If q E P and t E If?, then 
the tangent space to ,J at Q(q, t) is spanned by d@,(TP) and the hamiltonian vector field 
X, . Here at: T*M + T*M is defined by m,(q) = @(v, t). In cotangent coordinates, 
If Y = 1 a, $-, is tangent to P, then D,,(Y) = c z ai. AS t + 0, 
I , 
+ O(t2). 
Thus, if t > o is sufficiently small, rc* 1 O,(P) will be non-singular if the matrix 
is non-singular. The regularity of is the first part of condition N. It follows 
that if t > o is sufficiently small, then 7c* 1 I has rank at least n - 1 at points of Ot(P). We 
need to prove still that dx*(X,) is not in the tangent space to n*@,,(P). In cotangent co- 
aH a a 
ordinates drr*(X,) = c -- . Let Y - 1 ai - be tangent to P. Then 
ati axi Xi 
d(n*@,) Y = t I-$!& a, $, + O(t’). 
1 J J 
The second assertion of Condition N is that 
But 
= F gak + o(t) = o(t) 
since Y is tangent to {H = O}. Therefore, if t is small, then drc*(X,) is not tangent to 
d(n*Q,(P)). Hence, if Condition N is satisfied at 5 (and thus in a neighborhood of e,), then 
there is a neighborhood V of < in A such that rr* 1 V - (5) . IS non-singular. This proves the 
lemma. 
Away from the fiber T,*M, the solution A of H = 0 that we have constructed is trans- 
verse to the fibers of T*M. There it can be written locally as graph df for some function 
f: M + R defined in some open set not containing x. The function f can be calculated by 
the following: 
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LEMMA 3. In some open set containing a segment of the integral curve of Xn through <, 
A = graph df where f (y) = fy w; y is a path on I from T,*M to T,*M. 
Proof First, we note that the integral is well defined. The I-form w pulled back to TX,*M 
is identically zero since T,*M is a homogeneous lagrangian manifold. Thus, the endpoint 
of y chosen in T,*M does not affect the value of the integral. Moreover, T,*M n II contains 
exactly one point, hence, the other end of y is uniquely determined. Finally, as long as we 
work in a simply connected portion of 1, w is exact on 1, implying that the integral depends 
only on the end points of y. 
In cotangent coordinates, 
where ti is evaluated on 1. Therefore graph df = il. This proves Lemma 3. 
Now we construct the total solution of H = 0 by allowing the point (x, {) to vary. 
This gives us a function F: M x M + R with domain containing a set U x U’. Here U is a 
neighborhood of x such that if y is fixed in U, then graph dz(F(y, .)) is a solution of H = 0 
on U’ transverse to the fibers of T*M. The function F allows us to solve the initial value 
problem in the following manner: Let Q c M be a hypersurface passing through x with 
tangent plane in the direction 5 at x. The initial value problem consists of finding a function 
u such that graph du is a solution of H = 0 and U 1 p = 0. Set u(y) = min, c c F(z, y). As long 
as u is a smooth function, then graph du is lagrangian because d,F(z, y) = 0 at the minimum 
z and du(y) = d, F(z, y) there. Thus, graph du is the lagrangian manifold associated to the 
family of functions F(z, .), z E Q. This manifold is a solution of H = 0 since the image of 
d, Flies in the zero set of H by its construction. The image of d, F is the total solution of 
H = 0 we sought to construct. 
Our aim is to study the set of solutions of H = 0 passing through a point r E T,*M 
such that H(5) = 0. To do so, we shall employ the total solution constructed in the previous 
paragraph at another point q along the integral curve of X, through r. 
LEMMA 4. Let n be on y, the integral curve cf Xn through r, and in the set V of Lemma 
2. Then there is an open dense set R, of the set of solutions of H = 0 passing through 5 such 
that n is a regular point of u 1f-u E R,. 
Note that every solution of H = 0 is a union of integral curves of x, so that n is in every 
solution passing through [. 
Proof It is clear that the set of solutions /J through r for which q is a regular point is 
open since the regularity of /J at q can be expressed by the statement that ‘1 is not a zero of 
det(dn* 1 Tq u). 
Suppose q = cD(5, t) and let p0 be a solution of H = 0 passing through l and q. Since 
the hypersurface H = 0 is transverse to the fiber of T*M through q, we may perturb p0 
to a lagrangian manifold p through q so that rl is a regular point of ~1. At q, this is a linear 
problem, easily solved. The solution p extends (via the map a(. , [ - t, 01) to a solution around 
5 which is close to the solution p0 since @(. , [-t, 01) is a compact I-parameter family of 
diffeomorphisms. This proves the lemma. 
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We now proceed with the study of generic solutions of H = 0 near p,, passing through 
5. Let q E y be a regular point of p near c for some perturbation p of pO. Set y = z(q). 
Denote by Q, the space of germs of hypersurfaces of M through y, whose tangent plane is 
the kernel of q. We can use the family F to solve the initial value problem for any hyper- 
surface in Q,, for times large enough to cover 5. Doing so involves interchanging the roles 
of the two factors in M x M and reversing time. 
Solving the initial value problem in this way, we obtain a homeomorphism from an 
open set in Q, to a neighborhood of p in the space of germs of solutions of H = 0 through 
5. The homeomorphism is obtained by solving the initial value problem for Q E Q,, in a 
neighborhood of 5. The caustic set of a solution in terms of the family of functions F is 
given by the set of equations 
d,F=O 
det(d,(d, F)) = 0 
where we restrict F to M x Q. This completes the construction of solutions via Thorn’s 
method that we referred to in the introduction. 
There is now sufficient apparatus to prove the theorem. We want to show that the 
total solutions constructed for nearby hamiltonians satisfying condition N are equivalent. 
Given a hamiltonian fl perturbing H, we construct the family of functions F of ii = 0 on 
the same domain U x U’ that we used for F. We assert that there is an equivalence of F 
and P as families of functions over U which allows us to map solutions of H = 0 to solutions 
of H = 0 in a way which preserves singular sets. Given a generic solution ~1 of H = 0 passing 
through 5, we were able to describe the solutions of H = 0 near p in terms of the initial 
value problem at a different point 4 on the orbit of A’, through 5 such that (q, 5) E U x U’. 
We did this by choosing hypersurfaces through q and solving the initial value problem near 
5 for these hypersurfaces. 
The families F and P are smoothly equivalent on U x U’ since F has only non-degenerate 
critical points and is therefore stable [2]. The non-degeneracy of the critical points of F is 
equivalent to the fact that the lagrangian manifold A constructed in Lemma 2 is transverse 
to the fibers of T*M over the set U’ c M. Thus, there exist diffeomorphisms K, k and h 
such that the following diagram commutes 
R A. R 
fF fF 
u x UJ3+ u x U’. 
J 1 
U ? u 
Since K is a fiber preserving diffeomorphism, it preserves the critical sets with respect to 
hypersurfaces that are related by k. H also preserves the singular parts of its critical sets. 
This establishes a homeomorphism between a neighborhood of p in the solutions of H = 0 
and an open set of solutions of fi = 0. Moreover, any family F perturbing F is seen by the 
above equivalence to correspond to some hamiltonian fi perturbing H. Thus H must belong 
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to the set of hamiltonians having generic solutions with stable local geometric structure 
since any perturbation of p through 5 and v arises from a family F near F and a hypersurface 
Q with tangent plane the kernel of q. 
Indeed, we have proved more : it follows from these arguments that the generic solutions 
of H = 0 through 5 are II-stable in the sense of [l]. 
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